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AMALGAMATION OF POLYADIC ALGEBRAS(})

BY
JAMES S. JOHNSON

Abstract. The main result of the paper is that for I an infinite set, the class of
polyadic I-algebras (with equality) has the strong amalgamation property; i.e., if two
polyadic I-algebras have a given common subalgebra they can be embedded in
another algebra in such a way that the intersection of the images of the two algebras
is the given common subalgebra.

Polyadic algebras were introduced by Halmos to provide an algebraic reflection
of the study of first order logic without equality; later the algebras were enriched
to allow the discussion of equality. That the notion is an adequate reflection of first
order logic was demonstrated by Halmos’ representation theorem for locally
finite polyadic algebras of infinite degree (with or without equality). Daigneault and
Monk have proved a strong extension of Halmos’ theorem; namely, every polyadic
algebra of infinite degree (without equality) is representable. Thus the notion of
polyadic algebra is an adequate reflection of Keisler’s predicate logic having
infinitary predictates.

It is an interesting question to ask for algebraic versions of various model
theoretic results. Daigneault has been successful in stating and proving algebraic
versions of Beth’s and Craig’s theorems. This was done by proving the algebraic
analogue of Robinson’s consistency theorem: Locally finite polyadic I-algebras
(with equality) of infinite degree have the amalgamation property. The major
result of the present work is to remove the locally finite condition from Daigneault’s
result. With the stronger result, Robinson’s, Beth’s, and Craig’s theorems follow
for Keisler’s logic though we shall defer this to a later paper.

We shall preface our work with an outline of the basic theory of polyadic algebras
including theorems of Halmos [10] and important dilation and compression
results of Daigneault and Monk [5].

Our set theoretic notation is standard, but it is perhaps worthwhile to outline
some of our conventions. If X and Y are two sets, we write YX for the set of all
functions from Y into X. We shall often identify 2X with X x X—the cartesian
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product of X with itself. The power set of a set X is denoted by S(X); thus S(X)
={Y : Y< X}. For fa function, dmn fand rng f denote the domain and range of f.
We assume that ordinals have been defined so that an ordinal is the set of smaller
ordinals. If « is an ordinal, the successor of « is denoted by a+ 1. w denotes the
set of natural numbers; thus w is the first infinite ordinal. Cardinals are initial
ordinals. If « is a cardinal, the cardinal successor of « is denoted by o*. For X
aset, | X| is the power or cardinal number of X. For « a cardinal, we define 2% = 2.
If I'is a set and X; is a set for each i € I, then P,., X; denotes the direct product of
{X,:iel}.

1. Polyadic algebras. In this section the basic definitions and theorems of the
theory of polyadic algebras is given. For more details, the reader may consult
Halmos [8] and [9] and Daigneault-Monk [5]. We shall use the notion of polyadic
set algebra in place of Halmos’ O-valued functional algebra; the correspondence
between these notions is easily established.

A quantifier on a Boolean algebra {4, +, -, —, 0, 1> is a one-place operation 3
satisfying for all x, ye 4:

(Q1) 30=0;

(Q2) x=3x;

Q3 I(x-Iy)=3x-3y.

THEOREM 1.1. If 3 is a quantifier on a Boolean algebra {A, +, -, —, 0, 1), then
forall x,ye A,
i) 31=1;
(i) 33 x=3 x;
(iii) if x<y, then 3 x<3 y;
@iv) 3(-3x)=-3x;
W) A(x+y)=3x+3y.

DEFINITION 1.2. For any set I, a polyadic I-algebra (PA)) is an algebra of type
A=A, +, -, —, 0,1, 8(7), 3 (V))selr.;c1 Where {4, +, -, —,0,1> is a Boolean
algebra, S(v) is a Boolean endomorphism, 3 (J) is a quantifier, and for all x € A,
o, €I, and J< I, the following six conditions hold:

(P1) S@)x=x;

(P2) S(o7)x=S(0)S(7)x;

(P3) 3 (0)x=x;

(P4) 3(J U K)x=3 (J) 3 (K)x;

(P5) if slI~J=7I~J, then S(c) 3 (J)x=S(7) 3 (J)x;

(P6) if a0~ is one-one, then 3 (J)S(c)x=S(c) 3 (¢~ J)x.

|7] is called the degree of the algebra. When no confusion is likely, we shall write
A=<{A, +, -, —, 0, 1, S(7), 3 (J)); thus it is assumed the S(7) run over all 7'l
and similarly for 3 (J).
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Concrete examples of PA,’s may be obtained as follows. For U a nonempty set,
X<!U, J<1, and r € 'I we define

I(NX ={fe'U:forsomege X, gl ~J=f}I~J}
and
S(HX ={fe'U: fre X}.

Suppose 4 is a collection of subsets closed under U, ~, S(r), 3(J) forall eI
and J<I; then A=<{4,U,N, ~,0,'U, S(7),3 (J)) is called a polyadic set I-
algebra (PSA)). U is called the domain or base of A.

THEOREM 1.3. A PSA; is a PA,.

For 2 a PA,, U is representable (an RPA,)) if it is isomorphic to a subdirect prod-
uct of PSA;’s. It is known [5] that for I infinite, every PA, is representable. In
§4, we give a slightly novel proof of this theorem.

DErFINITION 1.4. Let U be a PA,, x € A, and J<I; then x is independent of J if
3 (J)x = x. Dually, J supports x if x is independent of I1~J.

The next theorem gives important properties of these concepts.

THEOREM 1.5. Let A be a PA,; then
(i) For x € A, {J : J supports x} is a filter and {J : x is independent of J} is an
ideal in S(I);
(ii) For J=1, {x : J supports x} and {x : x is independent of J} are Boolean
subalgebras of A;
(iii) For x € A, K< 1, if x is independent of J, then 3 (K)x=3 (K~J)x;
(iv) For xe A, K<1, if J supports x, then 3 (K)x=3 (J N K)x;
(v) For xe A, K<, 3 (K)x is independent of K,
(vi) For x € A, K<, if J supports x, then J~ K supports 3 (K)x;
(vii) For x € A, o, T €'l, if J supports x and o|J=1|J, then S(o)x=S(7)x;
(viii) For x € A, o €I, if J supports x, then o(J) supports S(o)x.

We define universal quantifiers ¥(J) on a PA; % for each J=I by V(J)x=
—3 (J)—x. This notion is dual to that of existential quantifier.
DEFINITION 1.6. For I any set, a polyadic equality I-algebra (a PEA)) is an algebra
of type
A= <Aa +, 09 ls S(T), 3 (J)s dtj>ts’l,]§l,i.lel

such that {4, +, -, —,0,1, S(v),3(J)) is a PA,, for each i, j, d; € A, and for i,
jelLxe A, re'l
() du=1;
(i) S(7)dij=dus;;
(iii) x-d;=S(i/j)x.
Here and throughout, (i/;) is the function from I into I which sends j to i and
leaves the rest of the elements of I fixed. Similarly, (i, j) is the function which
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interchanges i and j and leaves the rest of the elements fixed. The ambiguity which
may arise when we consider more than one I should cause no difficulty. As for
PAs, we shall write A={4, +, -, —, 0,1, S(7),3 (J), d;;> when confusion is
unlikely.

THEOREM 1.7. Let W be a PEA,, x€ A, i, j, k € I, then
() SG/)d;=3({iNd;=1;
(i) dy=dy;

(iii) {i, j} supports d;;

(v) if k#1, j, then 3 ({k})(dii- di,) = dis;
v) x-dy;=S@/j)x-dy=SG, j)x-dy;

(vD) I Nx-diy)=S3/j)x;

(vii) if J<1 is finite, 3 (K)[ 1;,jesdi;=1 whenever |J~ K| <1.

If U is a nonempty set and I any set, then for i, j € I we let DJ'={fe U : fi=f}.
We will usually write D;; for DY’. A polyadic equality set I-algebra (a PESA,) is a
PSA; which contains Dy for all i, je L.

THEOREM 1.8. A PESA, is a PEA,.

A representable PEA, (a RPEA,) is a PEA, isomorphic to a subdirect product of
PESA;’s. Unlike PA,’s, there are nonrepresentable PEA,’s for every I having at
least two elements. (There are nonrepresentable PA,’s only for 35 || <w.)

Of course all of the properties of PA,’s mentioned so far (except for representa-
bility) carry over to PEA;’s. This also applies to notions and results mentioned
throughout the remainder of this section.

For % a PA,, an ideal of % is a Boolean ideal M of % such that for every x € M,
3 (I)x € M. 1t is easily seen that an ideal of 4 is closed under 3 (J) and S(r) for all
J=M and 7€'l The ideals of a PA; have exactly the same relationship to its
congruence relations as the ideals of a Boolean algebra have to its congruence
relations. If M is an ideal of a PA, U, we will write %/M for the algebra obtained
by factoring out M in a manner exactly analogous to this operation for Boolean
algebras. It is then easy to show that just as for Boolean algebras, every PA, is
semisimple, i.e. isomorphic to a subdirect product of simple PA,’s.

An important concept is that of local degree. For % a PA,, the local degree of A
is the smallest infinite cardinal M such that for every x € 4, x has a support J
with |[J| <. If the local degree of A is w, A is said to be locally finite. Clearly if I
is infinite, M < |I|*. It is easy to see that every possible local degree is realized;
namely

THEOREM 1.9. Let I be infinite and I be an infinite cardinal less than or equal to
|I|*. Furthermore let U be a set with at least two elements. Then if A is the family
of all subsets of 'U with a support of power less than I,

Q[=<A9 U, N, ~, 0’ IU’S(7)’ 3 (J)>1e'1,lsl
is a AP, of local degree M.
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The next theorem will be useful in the proof of our main result.

THEOREM 1.10. Let I be any set, M an infinite cardinal, U a nonempty set. Suppose
A is the PA, of subsets of 'U with support of power less that k. For y a permutation
of Uand X € A, let 7 X be the set of yf such that f € X. Then the mapping y — ¥ is an
isomorphism of the group of all permutations of U onto the group of automorphisms
of A.

Proof. For y a permutation of U, it is clear that  is an automorphism of .
Obviously (yy')=%¢ if y and y’ are permutations of U. Now if y is not the identity
on U, say yu#u, then taking X={fe'U : fi=u} for some i € I with y;#i, we have
$X# X. Thus the mapping y > § is one to one.

Now suppose @ is an automorphism of . For i € I, let A* be the Boolean sub-
algebra of A consisting of those elements of A supported by {i}. For ue U, let
#'={f: fi=u}. Now A'is invariant under ® and {&#@*' : u € U} is the set of atoms of
A*; hence @ induces a permutation of the #"’s for each fixed i. Define y a permutation
of U by yu=v iff ®i'=¢". This definition is independent of i, for if i, je I and
®i'=9', we have Ou’'=0S(, )at=S(, j)Ou'=S(, j)o'=v'. We claim § = Q.
Obviously yu'=®u! for each ue U and ie 1. Now for X e 4, let J be a support
of X with |J| <. Then it is easily seen that X=Jsex Nies /¢ and that f{ € 4.
Thus since automorphisms preserve all unions and intersections and 9, @ agree
on the ff, we have X=0X.

The final concept of this section is the polyadic version of a concept of cylindric
algebra (see [12]).

DEeriNITION 1.11. Suppose U is a PA; and J<I. For oc€’J, let c* =0 U §,..;
and Sy (c)=S(c*). Then the algebra Rd,U={A, +, -, —, 0, 1, S)(0), I (K)Doe’s k<
is called the J-reduct of .

THEOREM 1.12. For % a PA; and J<I, Rd; W is a PA,. If J is infinite, the local
degree of Rd, U is the minimum of |J|* and the local degree of ¥.

Rd; U is called “the algebra obtained by fixing the variables I~J of A”.

2. Dilations and compressions. Most of the concepts and results in this section
are taken from Daigneault-Monk [5] and proofs can be found there. We shall
indicate a proof for those results which are not proved in that paper.

DEFINITION 2.1. Let % be a PA; and I* be a superset of 1. An I *-dilation of U
isa PA;+ 8={B, +, -, —, 0,1, S*(0), 3*(J)) such that

(i) U is a Boolean subalgebra of B;

(ii) for xe A and J<I, 3 (J)x=3*(J)x;

(iii) for xe A and o €I, S(o)x=S"*(a*)x where c* =0 U §;+ .;;

@iv) for xe A, o, " I*, if o] I=7]I, then S *(0)x=S *(7)x.

B is a minimal I *-dilation if there is no I*-dilation € of A such that €<B.

THEOREM 2.2. For I infinite and I* any superset of I, every PA, has one and to
within isomorphism only one minimal I*-dilation.
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For the proof of 2.2 it is actually necessary to prove some of the properties of
minimal I *-dilations which follow here. Some of these properties are crucial to our
later work.

THEOREM 2.3. Suppose I is an infinite set, I* a superset of I, A a PA,, and B a
minimal I *-dilation of . Then:
(i) every element of B can be written in the form S *(c)x where x€ A, o € " I*
and o1 is one to one;
(ii) for x € A, if J<I supports x in W, then J supports x in B; in particular, I
supports every element of U in B;
(iii) the local degrees of A and B are equal.

THEOREM 2.4. Suppose I* is a superset of the infinite set I, W and B are PA,’s,
[ is a homomorphism from U to B, A+ is a minimal I*-dilation of A, B* an I*-
dilation of B; then there is a unique homomorphism f* from A* to B+ such that
frVA=f. If B* is a minimal I *-dilation of B, then f* is onto if and only if f is.

Proof. By 2.3(i), every element of 2A* can be written S *(o)x where c€!"I*
and x € 4. We define f*S *(o)x to be S*(c)fx. Then following the methods of
§§3 and 4 of [5], it is easy to show f* is well defined, a homomorphism, and has the
required one to one and onto properties.

Next, we introduce a notion dual to dilation.

DEFINITION 2.5. Suppose U is a PA, and J<I. The J-compression of U is the
algebra W;={A4;, +, -, —, 0,1, S(0), 3 (K)) where A;={xe A :J supports x},
Sy(o)x is defined for x € A; and o €’J by S(o)x=S(c U 8,.,)x, and 3 (K)x is
defined for K<J and x € A; by 3 ;(K)x=3 (K)x.

THEOREM 2.6. If N is a PA; and J<I, then U, is a PA,; U is an I-dilation of ;.
If A is a minimal I-dilation of A;, %, is called a faithful compression of 2.

THEOREM 2.7. Suppose U is a PA;,, J=I<I* are infinite. Then

(i) If B is a minimal 1+ dilation of U, then B,=N and is a faithful I-compression
of 8.

(i) U, is a faithful compression of W iff | J| = N where N is the cardinal predecessor
of the local degree M of N, i.e. R=M if M is a limit cardinal and NR* =M if M is a
successor cardinal.

THEOREM 2.8. Suppose N and B are PA,’s and f is a homomorphism from U into
B. Then f;=f|A; is a homomorphism from U, into B; and f; is one to one if and
only if fis. If J is infinite and B, is a faithful compression, then f; is onto iff f is.

The next theorem follows easily from 2.4 and 2.3(i).

THEOREM 2.9. Suppose I is an infinite set, IC1*, Z any set with Z N I* =0 and
A a PA,. If B is a minimal I+ U Z-dilation of W, € a minimal I U Z-dilation of ¥,
and ® a minimal I*-dilation of Rd,€, then D is isomorphic to Rd,+B.
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Proof. By 3.11 of [S], B, is a minimal /U Z-dilation of 2. So by 2.2 there is an
isomorphism f of € onto B;,;. Then f is an isomorphism from Rd,€ onto Rd;B,,
is enough to show that Rd,+® is a minimal /*-dilation of Rd;B, ;. Suppose
p € B; then p may be written S(o)q for some g€ 4, o € '*V%(I* U Z) with o[ one
to one. There is 7 € /"VZ(I* U Z) and 6 € '* I * such that 87[I=0|l. Then we have
p=S(0)S(7)q and S(7)q € B, z. Thus p is in the minimal 7 *-dilation of Rd;®B, 2
which is contained in Rd;+ 8. Therefore Rd,+ B is a minimal I *-dilation of Rd;B; ;.

All of these results apply equally well to PEA,’s. This can easily be seen from the
next easily verified theorem.

THEOREM 2.10. Suppose I is infinite, N a PEA; and I* a superset of I. Then there
is one and up to isomorphism only one minimal I*-dilation B of %. (Of course B
is to be a PEA;+.)

3. Constants. Constants were first introduced in polyadic algebra by Halmos
[8]. His notion proves satisfactory for the study of locally finite algebras, but when
local finiteness is not required, serious technical difficulties arise. It thus becomes
desirable to reformulate the notion. The first such reformulation was suggested by
Donald Monk to the present author, who added one axiom schema to the definition.
Our definition reduces in all essential properties to Halmos® definition when the
algebra in question is locally finite. Actually, if Y is taken with a single element,
our definition and Halmos’ coincide.

DEFINITION 3.1. Let U be a PA, and Y a nonempty set. A Y-constant on U is a
Sfunction T( | ) from 'Y x S(I) into the Boolean endomorphisms of U such that for
all y, y,, y.€'YandJ, K1, o €'l

(C1) T(y/0)=38,4;

(C2) T(y/J v K)=T(y/NT(y/K);

(C3) T(y/7)3(K)=3 (K)T(y/I~K);

(C4) INT(IK)=T(y/K) 3 (J~K);

(C5) T(y/J)S(0)=S(a)T(yo[a~]);

(C6) if y11J=y31J, then T(y,/J)=T(y/J).

It has been pointed out by Monk that when |I| = 2, (C3) is redundant. Of course
if |7] £1, (CS5) and (C6) are redundant, so the problem remains to find an indepen-
dent axiom system which works for all 1.

We give two natural examples of this notion.

EXAMPLE 1. Let U be a PSA; with base U and 05 Y< U. For ye 'Y, J<I, and
XeA,defineT(y/J)X={x €U : thereis z € X with z{I~J=x[I~Jand z|J=y|J}.
Then T is a Y-constant on U provided for every Xe€ 4, ye'Y, and J<I, that
T(y/J)X € A. T'is called a functional constant. It is unknown if every constant on a
PSA, is essentially equivalent to a functional constant.

EXAMPLE 2. Suppose Y N I=0 and A=Rd,B where B is a PA, y. For pe A4,
y€'Y, J<I, define T(y/J)p=S8(j")p where 3’ =y|J U 8;,y.;. Then T is a Y-
constant on U and T is said to be obtained by fixing the variables Y of B. U is
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said to be the algebra obtained by fixing the variables Y of 8. Constants obtained
in this way play an important role in later developments.

LEMMA 3.2. Forallpe A,J, K<, y,ze'Y
(i) T(y/J)p is independent of J;
(i) if K supports p, then T(y/)p=T(y/J N K)p;
(i) T(y/NT(z/K)p=T(y/J~K)T(z/K)p;
(iv) V(=T (y/T)p=3 (J)p.

Proof.

0 3WNT(y/)p =T(y/J)3(0)p by C4
=T(y/))p

(i) T(y/J)p = T(y/J)II ~ K)p

=3~ KT/~ U~ K)p
=3I ~ K)T(y/J N K)p
=T(/JINnK)IU ~ K)p
=T(y/J N K)p.

(iii) and (iv) follow from (i) and (ii).

LeMMA 3.3. Suppose T is Y-constant on 2 and f is a homomorphism from % onto
B. Then T’ defined on B for ye'Y, J<I, and pe A by T'(y/))fp=fT(y/J)p is a
Y-constant on B.

Proof. Due to the equational nature of the definition of Y-constant, it is sufficient
to show that 7" is well defined. Suppose p, g € 4 and fp=fg; then f(p ® q)=0,
whence 3 (J)(p @ q)=0. We then have

STINp DfT(y/I)g = f(T(y/I)p D T(y/J))q)
=fT(/[J)p D9q)
SAAUP@g) by 3.2(v)
= 0.

Here p ® q=p- —q+q- —p, the symmetric difference of p and q.

LemMA 3.4. Suppose x, y, z€'Y, J, K<I, x|J=z|J, and y|K=zI|K; then
T(x|NT(ylk)=T(z/J Y K).
Proof. By (C6).

The preceding lemmas will constantly be used without citation. The next lemma
is very useful in constructing homomorphisms.

LEMMA 3.5. Let I be infinite and U be a PA; with local degree M < |I| and Y-
constant T. Suppose p, qe A, J, K1, J', K’ are supports of p, q respectively with
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[J'], |K'| <9, and x, y € 'Y. Further suppose o, v are permutations of I and z€'Y
satisfying olJ' ~J=8;..;, 7|K'~K=38y .k, the three sets J' U K', o(JNJ),
(K N K') are pairwise disjoint, and zelJ NJ' =x|{JNJ’, zr] KN K'=y[KN K.
Then T(z/a(J N T ) U #(KN K))S(@)p+S()q)=T(x/J)p+T(y/K)q.

Proof. Since T( / ) is a Boolean homomorphism, we shall only show
T(z/o(JNJ)U (KN K))S(e)p = T(x/J)p
(the other half involving g is similar).

T(z/o(JNJ) U (KN K"))S(e)p = T(z/e(J U J)S(o)p
= S(0)T(zo/o"*o(J NJ"))p
=S@T(/JNJ)p
= S@T(y/J)p
=T(y/)p
(since this is supported by J'~J and o[J~J'=36;.;).
We shall illustrate the use of 3.5 in the proof of Theorem 3.10; in other places

where the application is as in 3.10, we shall only state that 3.5 is the justification
of the statement to which it applies.

LeEMMA 3.6. Let U be a PA, with Y-constant T. Take y, € Y and suppose J<I.
Then T~ defined for the J-compression U; of N or on Rd,N by T~(y/K)=T(y*/K)
for K<J and y€’Y is a Y-constant. Here y* €'Y is defined by y; =y, if ie J and
Y=y ifiel~J.

It should be noted that by (C6), there is really no necessity to take a fixed y, in
3.6. It would be sufficient to let y* be any extension of y to a function from 7 into
Y. (C6) then says that the value of T(y*/K) is independent of the choice of y*.

THEOREM 3.7. Let I be infinite, X a PA; with Y-constant T, I* a superset of I,

and B a minimal I*-dilation of . There is a unique Y-constant T+ on B which
extends T, ie. forpe A, ye!* Y, andJ<I, T*(y/J)p=T(y}1]J)p.

Proof. Uniqueness. Suppose ge B, ye!* Y, J=I*. By 2.3(1), g=S*(o)p for
some p e A and o € 1*1*. We calculate
T*(y/J)g = T*(y[7)S*(o)p
= S*()T*(yo/o~)p
= S*(o)T*(yofo~ TN 1)p (I supports p)
= S*(o)T(yollfo~ T N I)p.
Thus T+ is completely determined by T.

Existence. Notice that in virtue of 3.6, we may assume that |I| <|I*]|; the case
|I|=|I*| then follows by taking an I *-compression of a suitably larger dilation.
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Every element of B has the form S *(o)p wherepe Aand o€ " I*. Forye!*Y
and J</I* we define T*(y/J)S*(o)p=S"*(c)T(yollfo~ I N I)p. It is straight-
forward but tedious to show T *(y/J) is well defined and satisfies (C1)-(C6).

LEMMA 3.8. Suppose 1 is infinite, % a PA, and U has local degree M < |I|. If A’
is the algebra obtained by fixing the variables Y=1"* ~I of a minimal I *-dilation of
A, and T is the Y-constant on W' so obtained; then every element of W' can be written
in the form T(y/J)p for some p€ A, J<I, and y €'Y. Furthermore, y can be taken
one to one on J.

Proof. Every element has the form S *(o)p where pe A, o € '*I* and o[/ is one
to one. Let K be a support of p with |K| <9. Choose 7 € '] so that 7| K is one to
one, tlo”(I)ynI=cle ™} (I)N1I and (K~o Y (I)) N (KU o(K))=0. Let J=
7(K~a~1(I)) and choose y €'Y such that yr[|K~a~}(I)=0[K~c~ 1l Then y|J is
one to one and S*(a)p=T(y/J)S(7)p.

LEMMA 3.9. Suppose I is infinite and T is a Y-constant on a PA; . Further suppose
Z is a set disjoint from I and Y and T' is the Z-constant on %' = Rd;* obtained by
fixing the variables Z in a minimal 1 U Z-dilation A+ of . Further let T be the Y-
constant on U’ obtained via 3.7 and 3.6. Then if ye 'Y, z€'Z,J, K<1,andJ N K=0,
we have T(y/J)T'(z/K)=T"(z/|K)T(y/J).

Proof. In this proof, if te’(/U Z) for any JSTU Z, let t* =tV 8;,z.;. Let
y* €!Y2Y be any extension of y, i.e. y* [I=y. Let T* be the extension of T to A~*
as in 3.7. Then

T(y[NT'(/K) = T*(p*|N)S*(z1K)*)
= S* (I K))T*(y* (1K) [(z[K)* =)
=T'(z/K)T*(y*|J) because JN (KU Z) =0
= T'G/K)T(y/)).

The next theorem says in effect that if Z N I=0 then the algebra %’ obtained
by fixing the variables Z of a minimal /U Z-dilation of % is a “free extension of
A by the Z-constant T. In the case that % is locally finite, this theorem is due
to Daigneault [4].

THEOREM 3.10. Suppose U has local degree M < |1| and I is infinite. Further
suppose B is a PA, with Y-constant T and [ is a homomorphism from A into ‘B.
Then if Z#0 and t is a function from Z into Y, there is an extension of f to a homo-
morphism g from U into B, where ' is the algebra obtained by fixing the variables
Z in a minimal 1V Z-dilation N* of . Furthermore, if T' is the Z-constant on A\’
obtained by fixing the variables Z, g may be taken so that for all pe A’, z € 'Z, and
J<I, gT'(z/))p=T(tz/J)gp.
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Proof. In this proof, if JSZ U I and ye’(Z U I), we define y* =y U §;,5.,.
First we consider the case where It < |Z|. By 3.8 every element g € A’ can be written
in the form ¢g=T'(y/J)p where p€ A, ye'Z, J<1I, and y|J is one to one. Define
g9=T(ty/J)fp. We claim g is the required homomorphism.

To show g is well defined, suppose g=T'(y1/J1)p1=T'(ys/J2)p. Where p,,
P €A, y1, y2€'Z, Jy, Jo<1, and for i=1,2, y;|J; is one to one. Let K;, K, be
supports of p;, p, with |K;|, |K,| <9k. We may assume |J;|=]|J;| <M and y,(J;)
=y,y(J2); otherwise choose Ji, J; so that J; N Ki=J/ N K, for i=1, 2, |(J]~K))|
=|yo(J2 N Ko)~y:1(J1 N K|, and |J3~ K| =|p:(J; N K;) ~pa(J; N K3)|. Notice
[ =p1(J1 N K)) U yo(Jo N Kp)| =|J5] <M. Take yi, yo €'Z so that yi[J; N K;
=ylin K for i=1,2, yi(Ji~K)=ys(J2 O K)~n(J1 N Ky), ya(Ja~Ky)=
»1(Jy N K)~y(J, N Ky), and yilJ; one to one for i=1,2. Then for i=1, 2,
T'(ilJ)pi=T'(y:/J)p: and  T(tyi/J{)fpi=T(ty;/J;)fp:. Furthermore, yi(J;)=
Y1(J1 N K}) U yo(Jo N Ky)=y3(J5). Thus we could replace J; by J/ and y; by y;
for i=1, 2, so we do assume |J,|=|J,| <M and y,(J;)=yq(Js).

Now choose « to be a transformation of I U Z satisfying

(1) ayslJy=38,,;

(2) o is the identity outside of y,(J,)=yq(J,).

Notice that ey, maps J; one to one onto J,. Now let B=«(y, |J;)* |1 and we obtain

P2 = ST (@S ((y2 [ J2)*)p2 (since a(y; [ Jo)* [ 1= §))
=5 ()S*((» 11)")p
= S*(a(y: 1 J1)*)Ps
= S(B)p:.

Next observe that y,8|J;=y,|J; and that g is supported in A+ by TU Z~J,.
Thus p, is supported in A by I N «(I U Z ~J;) and this last set is disjoint from J; ~J,.
Hence p, is independent of J, ~J,. By the symmetry of the situation we may also
conclude that p, is independent of J,~J;. Now we calculate

T(tys]Jo)fpe = T(tys/J2)fS(B)py
T(ty2]J3)S(B)fp:

S(BT (typlJ1 Y Jo)fp
= T(ty:p/J1)fp1

= T(ty,/J1)fp1-

Thus g is well defined.

Next we show for ge 4; ye'Z and J<I that gT'(y/J)q=T(ty/J)gq. For this
suppose g=T"'(z/K)p where pe A, ze'Z, J=I and z|J is one to one. Let xe'Z
with x[K=zK and x{J~K=y|J~K. Then T'(y/J)g=T'(x/J U K)p. Now let L
be a subset of J U K so that x[L is one to one and x(L)=x(J U K). Take o €'l
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With O'(JU K)=L, xo[J v K=er v K, and 0[1""(] U K)=81~(JUK)' Then
T'(x/L)S(o)p=S(0)T'(xo/J U K)p=T'(x/J U K)p. Thus we have
gT'(y/J)g = gT'(x|J L K)p

= gT'(x/L)S(o)p

= T(tx/L)fS(o)p by the definition of g

= T(tx/L)S(o)fp

= S(o)T(tx/J v K)fp

= T(ty/))T(1z/K)fp

= T(tylJ)gy.
Next we show g preserves the Boolean operations. It is clear that g preserves —.
To see g preserves +, suppose ¢i, gz € 4', ¢;=T'(y,/J))p; where p,e A, y, € 'Z,
JicIand |J;| <M for i=1, 2. Then let K;, K, be supports of p;, p, with |K;|, |K,|
<M and J;=K, for i=1,2. Choose for i=1, 2 permutations o; of I such that
0, Ki~J;=08,.;, and K, U K,, 0,(J1), o5(J,) are pairwise disjoint. Finally take
ye IZ With Yo rJi=yi r‘,i fOl‘ i= 1, 2 and J=0’1(Jl) V) 0'2(.,2). Then

8(91+92) = &(T'(31/J)P1+T'(y2/J2)p2)

= gT'(y/J)(S(o1)p1+S(o3)ps)  (by 3.5)

= T(ty/J)f(S(o1)p1+S(02)p2)

= T(ty/I)(S(01)fp1+ S(02)/P2)

= T(ty1/J)fp1+ T (tyz/ J2)fp2 (by 3.5)

= g4, +&q>.

To see g preserves S(7) suppose g=T'(y/J)p where pe A, ye'Z, J<I, |J| <M,
and y|J is one to one. Let K<Isuch that K N J=0, K U J supports p, and | K| <.
Notice that then K supports ¢g. Take o € /I so that o[ K=7[K and o[/~ K=38,. .
Choose « a permutation of I so that «[ K=38, and o(J) N (K U ¢(K))=0. Then it is
easy to see that T'(ye~'/aJ)S(e)p=T'(y/J)p. Hence we may assume that
J N (KU o(K))=0 (else replace p by S(«)p, J by «(J) and y by yoa~1). Then
gS(7)g = gS@T'(y/))p

= gT'(y/)S@)p  (o(J) = J and yalJ = y|J)

= T(1y/)fS(o)p

= T(ty|J)S(o)fp

= S(@T(ty/N)fp

= S(o)gq

= §(7)gg.
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To see g preserves 3 (K), assume g=T'(y/J)p with pe A, ye'Z, J<I. Then
g3(K)g = g3 (KT (yJI)p
=gT'(y/J)3 (K~ J)p
=T@w/NfI(K~J)p
=T(wy/J)3(K ~Nfp
= 3(K)T(ty/))fp
= 3(K)g.

This completes the proof for the case |Z|zM. If |Z| <M, take Z'2Z with
Z'NnI=0and |Z’'|=9M. Let ¢’ be a function from Z' to Y with ¢t'}Z=¢and let A*
be the algebra obtained by fixing the variables Z' in a minimal 7 U Z'-dilation of
A*. Then if T* is the Z'-constant on A* there is by the above a homomorphism
h: A* — B satisfying hT*(y/J)g=T(ty/J)hq. Now N <A* and for ge A’, ye'Z
and J<I, T'(y/J)q=T*(y/J)q. Thus g=h| A’ is the required homomorphism. This
completes the proof.

Theorem 3.10 and several of the subsequent results remain true when the local
degree condition is removed. In each case the more general result follows by an
application of 3.6 and 3.7. We will not go into the details here, but the interested
reader will have no difficulty in verifying this.

If an algebra has more than one constant, it is natural to ask whether they can

be put together into one large constant. Qur next two lemmas show that indeed
they can.

LemMA 3.11. Suppose U is a PA; with local degree M < |1|, and, for i=1,2, T is
a Yi-constant on . Then if y,€'Y; and J,<1, for i=1, 2, and J, N J,=0, we have
Ti(y1/I)Toy2l o) = To( yo/ o) To(y1/ ).

Proof. Without loss of generality, we may assume Y, " I=0and Y, N Y,=0.
Let %’ be the algebra obtained from % by fixing the variables Y; in a minimal
IV Y,-dilation of 2 and T; be the Y;-constant on A’ obtained in this way. Let
T, be the Y,-constant of 2’ obtained by extending T, via 3.6 and 3.7. Let g be the
homomorphism from %A’ onto A obtained from the identity maps on 4 and Y,
as in 3.10. Notice that for pe A" we have Ty(y./J;)gp=gT+(y2/J2)p since Ty
induces a Y,-constant on 2 via g and this agrees with T, on %. More specifically,
let T be the Y,-constant on % induced by T via g. Then we have (using the notation
of 3.6, 3.7)

8To(ye/ N)p = T (y2/J)gp
= T#(y2/J)ggp  (notice g is idempotent)
= gT(y2/J)gp
= gT:(ys 1) gp
= gTy(ys/J)gp by 3.7, since gpe 4
= Ty(y2/J)gp.
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The last step holds because To(y,/J)gp € A and g[A=28,. Thus for p € A we have

Ti(y1/J)To(y2/ J2)p = Tai(31/J)Toy2l J2) 8P
= gTi(y1/J)Ta(y2lJ2)p
= gTa(y2/ J)Ti(y1/J)p by 3.9
= To(y2/ J2)T:(3:/J1) gp

= To(y2/J)T1(¥1/J1)p.
This completes the proof.
Suppose for i=1, 2 that T; is a Y;-constant on a P4; % and Y; N Y,=0. Let
Y=Y, U Y, and choose u, € Y, and u, € Y,. For ye'Y let y; € 'Y; be defined by
yi(k)=y(k) if yi(k) € Y; and y(k)=u; otherwise. Define

T(y/J) = Ti(y:/J O yr (Y )To(ya/J N y3 H(Y2))
for ye’Y and J= 1. We then have

LEMMA 3.12. If % has local degree M < |I|, then T is a Y-constant on %.

Proof. It is clear that T(y/J) is a Boolean endomorphism. All the axioms for a
constant except (C2) follow by mechanical application of the corresponding axioms
to T; and Ty,. (C2) follows easily from 3.11.

Suppose T is a Y-constant on % and 0# Y'Y, then T'=T}'Y'xS(I) is a
Y'-constant. This suggests the next definition.

DErFINITION 3.13. If Y'Y, T' is a Y'-constant and T a Y-constant on % and
T'=TNMY' N SW), then T' is called the Y'-reduction of T and T is called a Y-
expansion of T'.

Notice that 3.12 is just the statement that if ¥; N Y,=0, thena Y, and a Y,
constant on % have a common Y; U Y, expansion.

Suppose we have an ascending chain of algebras each of which has a constant
which is an expansion of the constants on the preceding algebras. It would be
desirable to know that there is a constant on the union of the algebras which is an
expansion of all of the constants. It seems unlikely that this is the case, though we
do not have a counterexample. We do however have two special results which show
the situation is almost this nice. For the remainder of this section suppose 7 is
a fixed ordinal and for each a <, %, is a PA;, T, is a Y,-constant on %,, and when-
ever B<a, Az =N, and T is the restriction to A, of the Yj-reduction of T,. Further
suppose A=Jy<, Yz and Y=<, Y,.

LeMMA 3.14. If each N has local degree M and v is a regular cardinal with I <,
then there is a Y-constant T on U such that for each « <n, T, is the restriction to U,
of the Y,-reduction of T.

Proof. For pe A, ye'Y and J<I we wish to define T(y/J)p. Let K<I be a
support of p with power less than M. There is 8 <% such that p € %, and for each
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i€ K, y;e Y, (this is where the regularity of 7 is required). Take y €'Y, with
YIK=y!K and define T(y/J)p=Tx(y/J)p. This is obviously independent of the
choices of K, B8, and j (so long as B is sufficiently large). It is then a straightforward
matter to show T has the required properties.

LEMMA 3.15. Suppose U has local degree MM < |I|. Then there is a PA; N* with
Y-constant T such that A< U* and for each <, T, is the restriction to U, of the
Y,-reduction of T.

Proof. We assume without loss of generality that ¥ N I=0. Let %’ be the algebra
obtained by fixing the variables Y in a minimal 7 U Y-dilation A* of A’. Let T"
be the Y-constant on 2’ obtained by fixing the variables Y. Let M be the ideal of
A’ generated by {T'(y/J)p : forsome a<n,pe A, ye'Y,,J<I, and T,(y/J)p=0}.

We will show M N A={0}, but first suppose we already have this; we then
proceed as follows. Take A*=A'/M and let T be the Y-constant on A* induced by
T'. We may assume A< A* since p — p/M is a monomorphism from U into A*.
Then we need that 7(y/J)p=T,(y/J)p whenever pe A, ye'Y,, and J=I. But this
is equivalent to showing T'(y/J)p ® T(y/J)p € M, and this follows from the
fact that T,(y/J)(p @ Tu(y/J)p)=T(y/J)p ® Tu(y/J)p=0.

Now to show 4 N M ={0}, we first show the generators of M are closed under
3 (). Suppose T, (y/J)p=0; then 0=3 (T (y/J)p=T,(y/J)I (I~J)p. Hence
3T (y/Np=T'(y/J)I(U~J)p is among the generators of M if T'(y/J)p is.
By an application of 3.5, the generators of M are closed under +. Thus M consists
of those elements of A’ which are less than or equal to some generator of M.

Now assume ge M N A and 3 (I)g=q. Then ¢<T’'(y/J)p where for some «,
ped, ye'Y, and T,(y/J)p=0. We may assume y|J is one to one, for if not,
take J'<J with y|J’ one to one and y(J')=y(J), and take o €I so that ofI~J
=38,.;,0J=J', and yolI=y|J. In this case T,(y/J')S(¢)p=T,(y/J)p and similarly
with T”. So we would replace p by S(o)p and J by J'. Now let « be a transformation
of JU Y such that «[JU Y~y(J)=8,,y~yy, and ay|[J=3;. S*(e) is a Boolean
endomorphism such that S*(«)T'(y/J)p=p and S*(x)g=q. Thus we have
g=S*()g=S*()T'(y/J)p=p. Now Y(I)g=q so q=V(I)p<T,(y/J)p=0. This
completes the proof.

The method of proof used in 3.15 is adapted from a proof in Halmos [8]. It
will be used in a slightly different form in the next section.

4. Rich algebras and representation. For locally finite algebras the notion of
richness was introduced by Halmos [8] in order to prove that all locally finite
polyadic algebras of infinite degree are representable. Here we generalize Halmos
work so as to remove the restriction of local finiteness. The general representation
theorem is already known [5], but in the next section we need a relationship
between constants and bases of the PSA4,’s involved in the representations of the
algebras. Throughout this section we assume [ is a fixed but arbitrary infinite set.
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DEFINITION 4.1. Let U be a PA,.
() If T is a Y-constant of A, p€ A, and y €'Y, y is a witness to p if T(y/I)p
=3()p.
(ii) A PA, B is a rich extension of % if A< B, there is a Y-constant T on B, and
every p € A has a witness ye'Y.
(iii) A is rich if N is a rich extension of itself.

LEMMA 4.2. Suppose U is a PA; with Y-constant T; then there is a rich extension
A* of A such that T can be extended to a Y-constant of U*. A* may be taken with the
same local degree as .

Proof. For each p € 4, let I, be a set disjoint from 7 and ¢, a one to one function
from I onto I,. Further assume that if p#gq, then I, N I,=0. Let Z be the union of
the I’s and I+ =1V Z. Take A* to be a minimal /*-dilation of A and let A’ be
the algebra obtained by fixing the variables Z of 2 *. Further let 7’ be the natural
Z-constant of A’ (cf. §3, Example 2). Let M be the ideal of A’ generated by

3Wp-—T'(t/1)p : p e A4}
We claim 4 N M ={0}. Before showing this, suppose that it is so. Then we proceed
as follows. Take A*=A/M and let T* be the Z-constant on A* induced by T.
We may assume A<A* because p — p/M is a monomorphism. Now for p € 4,
T'(t,/Dp=3(I)p, so T'(t,/l)p DIU)pe M; thus 3(I)p=T*(t,/I)p, ie., t, is a
witness to p in %*. Finally, the Y-constant T extends to A* by 3.3, 3.6, and 3.7.
Now to show 4 N M ={0}, suppose g€ A N M, say
g< 2 3p TG /Dp.

0sism
Now, for 0=ism, let o;=t, U ;' Ud;.,,. Then T(t,/[I)pi=S"(t, Y 3.)p;
=S *(o;)p;- Hence applying ¥(Z) to the above inequality and using the dual of
1.1(ii), we obtain

q< Z 3D pi-VU,)S *(0)(—ps)
= o 3 pi- SH(e)VU)—p1)
= 3(Dp- =3 Dps
0Zi=m
=0

as desired. This completes the proof.
Notice by 3.11, that if % has Y-constant 7, Y* can then be taken with Y< Y*
and T the Y-reduction of T* restricted to 2.

LeMMA 4.3. A minimal I*-dilation of a rich PA, is rich. A compression of rich
PA, is rich.
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Proof. Suppose A is a PA; with Y-constant T and every element of %A has a
witness in Y. Further suppose %* is a minimal 7/ *-dilation of % and T+ is the
extension of 7 to A*. We assume here that || <|/*|; the case |I|=|I*| follows
from this case and the second part. Then for ge 4+, g=S *(o)p for some p€ 4,
ce!*I* ¢ a permutation of I*. Let y be a witness to p and choose ze'* Y such
that zo[I=y. Then z is a witness to ¢q. Next suppose J=I and pe A4,. Let ye'Y
be a witness (in %) to p. Then y|J is a witness in U, to p. Here we have in mind
the Y-constant T~ on 2, as described in 3.6.

THEOREM 4.4. If W is a PA, of local degree M with Y-constant T, then A can be
embedded in a rich PA, A* of local degree M. In fact, N can be embedded in a
PA; U* with Y*-constant T* such that every element of W* has a witness in 'Y*,
Y< Y* and T is the restriction to N of the Y-reduction of T*.

Proof. By 4.3 we can assume that M < |/|. Let N be the smallest regular cardinal
at least as large as M. For each « <M, we define A, with Y,-constant T, by trans-
finite recursion. A,=A, Yo=Y, and To=T. U, ., is a rich extension of %A, having
Y, -constant T, such that every p € 4, has a witnessin'Y,,,, Y,=Y,,,, and
T, is the restriction to ¥, of the Y,-reduction of T, ;. Furthermore, ¥, , ; has local
degree M. This is possible because of 4.2. For « a limit ordinal, we take 9, to be an
algebra containing (Jz<, %; and having Y,-constant T, such that Y,=Us<. Y;
and for B < «, T is the restriction to %, of the Y;-reduction of T,. This is possible by
3.15. Then we take A*=J, . U, and Y*=\J,.q Y,. Then by 3.14 there is a
Y*-constant T* on A* such that for a <N, T, is the restriction to A, of the Y,-
reduction of T*. Further, UA* is rich, for if p € A* then p € A, for some «. Take
ye'Y,,, a witness to p; then T*(y/I)p=T,y/I)p=3 (I)p. This completes the
proof.

LEMMA 4.5. A homomorphic image of a rich algebra is rich.

THEOREM 4.6. Let N be a rich PA; with Y-constant T such that every element of
A has a witness in'Y. Let M be a Boolean ultrafilter on . Then the function f defined
by fo={y €'Y : T(y/I)p € M} is a homomorphism from N into the PSA, with base
Y. Furthermore, if T' is the functional Y-constant described in Example 1 of §3,
then forpe A, ye'Y, and J< I, fT(y/))fp=T'(y/J)fp.

The proof is similar to the proof of 11.1 in [4].
From 4.4 and 4.5 it follows that every simple PA,; is isomorphic to a PSA,.
This together with the semisimplicity of PA,’s gives that every PA, is representable.

5. The amalgamation property. The constructions of this section follow very
closely some work of Daigneault [2] who proved the amalgamation property for
locally finite algebras. The greatest difficulty which arises in generalizing
Daigneault’s work is encountered in some rather complicated constructions which
are required to make transfinitely recursive constructions. Some of this has already
been done in §3.
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Before proceeding, let us give a precise statement of the amalgamation property.
If K is a class of similar algebras, then K has the amalgamation property provided
for any %, B,, B, € K and monomorphisms f;: A — B, for i=1, 2, there is a
€ € K and monomorphisms g;: 8; — € for i=1, 2 such that g, f; =g, f5. K has the
strong amalgamation property if €, g,, g, can be taken in such a way that

rng (g,) N rng (g) = rng (g.£1).

In this section we show that for I infinite, the class of all PA4,’s and the class of
all PEA,’s have the strong amalgamation property. This is in contrast to Comer [1]
where it is shown for 2 < |/| < w, the class of PA,’s and the class of PEA,’s do not
have the amalgamation property. By the results of §2 it is easy to see that the class
of all PA;’s (PEA,’s) has the (strong) amalgamation property for every infinite /
if and only if the class of all PA,’s (PEA,’s) of local degree at most I has this
property for all infinite 9% and all 7 with 9 <|I|. This is done by applying the
functorial properties of dilations and compressions. Thus we will assume throughout
this section that I is a fixed infinite set and that every algebra referred to has local
degree M <|I|. Then, as indicated, the main results remain true without this
restriction.

Suppose A is a PA;, B<U, Tis a Y-constant on A and X< Y; then we define

BYX) ={T(y/J)p:ye'X,J< I, pe B, y|J is one to one}
and
%QI(X) = <BQI(X)’ +’ Ty —’0’ I’S(T)’ 3(‘])>'

(Recall here our convention that = runs over all /I and J runs over S(J).) When no
confusion is likely, we shall write B(X) and B(X) for B¥(X) and BY(X).

LEMMA 5.1. B(X) is a subalgebra of .

Proof. First observe that in the definition of B(X), the restriction that y|J be
one to one may be dropped without changing B(X). For suppose y|J is not one
to one; choose J'<J with y|J’ one to one and y(J)=y(J'). Take o €I so that
olI~J=38,.;, o(J)sJ' and yo|J=y|J; then T(y/J)p=T(y/J)S(s)p by (CS5).
Obviously B(X) is closed under — and it is closed under + by an application of
3.5. B(X) is closed under 3 (K) because 3 (K)T(y/J)p=T(y/J)3I (K~J)p. To
show B(X) is closed under S(7) suppose p € B, y €' X, and J< I. We need to show
S(r)T(y/J)p € B(X). Let K be a support of p with |K|<I. Since T(y/J)p
=T(y/J N K)p we may assume J< K. Choose 7’ € /I such that 7' [K~J=7[K~J,
7'|J is one to one, and 7'(I~J) N 7'(J)=0. Take o € ‘I with o7’ [J=3§;. Then we
have

S(MT(y/I)p = ST (y]])
= S(*)T(yor'|)p = T(yo[r'T)S(r")p.

This last is an element of B(X), so the lemma is proven.
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LEMMA 5.2. Let B, €< U where U is a PA; and let f be an isomorphism from B
onto €. Suppose Y is a set disjoint from I and W' is the algebra with Y-constant T
obtained by fixing the variables Y in a minimal IV Y-dilation of . Finally let X,
Z< Y and t be a one to one function from X onto Z. Then f' defined on B(X) by
f'T(y/Dp=T(ty/J)fp for pe B, ye'X, and J<I is an isomorphism from B(X)
onto €(Z).

Proof. By 2.9, B(X) is an extension of B with X-constant T obtained by fixing
the variables X in a minimal / U X-dilation of 8. Thus by 3.10, f’ is a well-defined
homomorphism from B(X) into €(Z). By similar reasoning, there is a homo-
morphism g from €(Z) into B(X) such that gT(y/J)p=T(t ~*y/J)f*p for pe A,
y€'Z, and J<I. Obviously g is an inverse to f*; thus f* is an isomorphism.

Let us introduce some special notions. A triple will mean a triple (X, Y, T)
where % is a PA; and T is a Y-constant on %A. We will also permit the case where
Y=0(hence T=0). If (¥, Y, T) and (B, Z, T') are two triples, by a homomorphism
from (¥, Y, T) to (B, Z, T') we mean a pair (f, t) such that fis a homomorphism
from %A to B, ¢ is a function from Y to Z, and for all pe 4, ye'Y, and J<I,
SfT(y/J)p=T'(ty/J)fp. This will be denoted in symbols by (f,¢): (%, ¥, T)—
(B,Z,T). U, Y, T) is called a subtriple of (B, Z, T')—in symbols, (A, Y, T)
=(8B, Z, T') if (84, 8y) is a homomorphism from (%, Y, T) into (B, Z, T'). In this
case, A< W, Y<=Z, and T is the restriction to A of the Y-reduction of T'. We will
also say that (B, Z, T') is an extension of (¥, Y, T). In this case we will often
write (¥, Y, T')= (B, Z, T') rather than distinguish between T’ and T; this should
cause no confusion. A triple (%, Y, T) is rich if every element of % has a witness in
TY. Then by 4.4, every triple has a rich extension. A homomorphism of triples
(f, t) is a monomorphism, epimorphism, or isomorphism if and only if both f
and ¢ are one to one, onto, or both respectively.

We need extensions of 3.14 and 3.15. These are contained in the next two lemmas.
For this suppose we have the following: 7 is an ordinal; for each a <7, (U,, Y., T,)
is a triple, and suppose that whenever a <8 <7, (U, Y,, T,)< (U, Y., Tp). Further
suppose for each o <7 that (B,, X,, T,) and (&,, Z,, T,) are subtriples of (%,, Yo, T,);
(fw tz) is an isomorphism from (B,, X,, T,) to (€,, Z,, T,) and for a<f<7,
(B, Xo, T)= (B, Xp, Tp), (Co, Zo, To)S(C4, Zs, Tp), fuSfp, and 1,1, Take
A B,C, Y, X, Z, fand t to be the union over all a <y of A,, B,,C,, Y,, X,, Z,, fa
and ¢, respectively. ’

LeMMA 5.3. If v is a regular cardinal with Y <, then there is a Y-constant T on %
such that for each a<n, (U, Y,, T)=(N, Y, T), B(X)=3, €(Z)=C, and (f, )
is an isomorphism from (8B, X, T) onto (€, Z, T).

Proof. Follows immediately from 3.14.

LEMMA 5.4. Assume we have the situation immediately preceding 5.3. There is an
algebra A* with Y-constant T such that for each a<n, (U, Y,, T)S(A*, Y, T)
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and there is an extension f* of f such that (f*, t) is an isomorphism of (8(X), X, T)
onto (&(Z), Z, T). In this case, (f*, t) extends ([, t,) for all «<n.

Proof. We proceed as in the proof of 3.15 and use the notation there. Let v be
the natural projection from 2’ onto A*. Let %A, B, € be the subalgebras of A*
which are the images under v of 2L, 8, €. Then as by the proof of 3.15, v} 4, v|B,
v[C are isomorphisms from 2, B, € onto A, B, €. We write B(X), €(Z) for
BA(X), G (X) and B(X), C(Z) for BA'(X), CA'(Z). Notice that (v, 8y) maps
(B(X), X, T’) and (&(Z), Z, T') onto (B(X), X, T) and (€(Z), Z, T) respectively.

By 5.2, there is an isomorphism f’ from B(X) onto &(Z) such that (f7, 1) is an
isomorphism from (B(X), X, T) onto (&(Z), Z, T). We define f* by f*wp=vf'p
for p € B(X). To see f* is well defined, suppose g € B(X) and vg=0; we must show
that »f'g=0. But this is equivalent to showing that f'qg € M under the assumption
that g € M. Now g=T'(x/J)p for some pe B, xe'X, J=I, and x|J one to one.
Further, by the definition of M and the fact that the generators of M are closed
under +, there is a<m, re A,, ye'Y,, and K<I such that ¢g<T(y/K)r and
T.(y/K)r=0. We may also suppose p € 4, since there is 8 with p € A; and we can
replace « by max {«, f}. Now let J,={ieJ: x;€ Y} and J,=J~J,. Let o be a
transformation of /U Y with ox[J,=38,; and o the identity outside of x(J;).
In A+, T'(y/K)r is independent of x(J,), so S*(o)T'(y/K)r=T'(y/K)r. Also
S*(0)g=S*(o)T'(x/J)p=T'(x/J5)p. Thus we obtain T'(x/J)p=T'(y/K)r. Now
take xe'Y, such that x[J,=x|Js; then T'(X/J)p=T'(x/J)p=T'(y/K)r, so
T'(x/J;) e M. From this it follows that T(x/J,)vp=vT'(x/J3)p=0, and thus
T(x/J2)p=0. Hence [T (x/J)p=Tutx]J:)feP=T*(tx]J;)fep=vT"(tX/J2)fp=0.
Thus we have T'(tx/J,)fpe M. But then f'q=T'(tx/J)fp<3 (J)T (tx/J2)fp
=3 (J)T'(tx/J;)fp € M. Thus f* is well defined. Next, f* is an isomorphism,
because similar considerations with (f'~*,  ~1) in place of (f’, r) yield an inverse
to f*. Finally, it is clear that for « <7, p € 4,, that vf,p=f*vp. The lemma follows
after identifying 4 with 4 via v.

LEMMA 5.5. Suppose (N, X, T)S(B, Y, T) and (f, t) is a monomorphism from
U, X, T) into (B, Y, T), then there is an extension (C, Z, T*) of (B, Y, T) and an
extension (f', t") of (f, t) which is a monomorphism from (Y), Y, T)into (€, Z, T*).
If B is simple, € can be taken to be simple.

Proof. Let r: Y~ X — W be one to one and onto and assume W N (U Y)=0.
Take ® to be the algebra obtained by fixing the variables ¥ in a minimal 7 U W-
dilation B+ of B, and let T’ be the ¥ U W-constant of D obtained by applying 3.11
to the extension of the Y-constant T to D and the W-constant on D obtained by
fixing variables. Take Z=Y U W; then (B, Y, T)=(D, Z, T'). Now let M be the
ideal of D generated by

{T'rx|)fp: pe A, xe (Y ~ X),J < I, and T(x/J)p = O}.
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Then by methods similar to those used in 3.15, B " M={0}. Take €=9D/M and
let T* be the Z-constant of € induced by T. Then we can consider (B, Y, T) to be
contained in (€, Z, T*). Now for g€ A(Y), there is pe 4, y e (Y~ X), J=I with
q=T(y/J)p; define f'q=T*(ry/J)fp. Further take t'=t U r; now by methods
similar to those used in 3.15, ' is a well-defined monomorphism and f'T(y/J)p
=T(t'y/J)f'p for pe A(Y), ye'Y, and J=I. Thus (f’, t) is the required mono-
morphism. Finally, if 8 is simple, € is obtained simple by extending M to a maximal
ideal of ®.

LEMMA 5.6. Let (B, X, T), (€, Z, T)=(, Y, T) and (f,t) be an isomorphism
Sfrom (B, X, T) onto (€,Z, T). Then there is a rich extension (U*, Y* T*) of
(2, Y, T) and an extension of (f, t) to an isomorphism (f*, t*) from (B(Y*), Y*, T*)
onto (B(Y*), Y* T*). If  is simple, A* can be taken simple.

Proof. Let % be the first regular cardinal greater than or equal to 9%. By trans-
finite recursion we define for each « <M a triple (A,, Y,, T,) with two subtriples
(B, X, T,) and (€, Z,, T,) and an isomorphism ( /5, 1o): (Be, Xo, To) — (€4, Z,, T,,)
as follows. (o, Yo, To)=(, Y, T), (Bo, Xo, To)=(B, X, T), (Co, Zo, To)=(C, Z, T),
and (fo, to)=(f, t). Having made the definition for «, if « is even, we take X, ., =Y,
and apply 5.5 to obtain (U,.,, Ysi+1, Tus1) and a monomorphism (f 41, tai1)
from (B,(Y,), Yy, T,) into (A 41, Yer1, To+1) Which extends (f,, t,). We then let
(as1, Yar1, Tas1) be a rich extension of (U1, Yait, Tas1)s Bar1=Bu(Xys1)s
Cor1=fe+1(Bes1), and Z,, =1, (X4 y). If « is odd, we go through the same
procedure with the roles of 8B, and €, reversed and (f; 1, ¢t; 1) in place of (f,, f,).
For o« a limit ordinal we apply 5.4 to obtain (%, Y,, T,) an extension of (¥, Y}, T}s)
for all B<a with Y,=|Js<, ¥; and to obtain (f,,?,) an isomorphism from
(%m Xau Ta) onto ((‘ga’ Zm Ta) where Xa=UB<a XB’ %a=(UB<a %B(Xa)) and
similarly for €, and Z,. Then (f,, t,) is taken to extend (fj, t;) for each B<ue.
We take A*=J,cn Ao. Y*=J,<n Y,. Notice Y*=,<n Xo,=U,<n Z,, thus by
4.14 there is a Y*-constant 7* on 2A* such that (A*, Y*, T*) is an extension of
A,, Y,, T,) for each « <N and an extension (f*, t*) of (f,, t,) to an isomorphism
from (B*, Y*, T*) onto (C*, Y*, T*) where B*=J,.n B, and C*=J,.x C,.
We will be done if we show B*=9B(Y*) and €*=€( Y*). These are similar and one
inclusion is obvious, so we will only show that 8*<®8(Y*). Suppose p € B*; then
for some a <N, p € B,. We show by induction on « that p € B(Y*). This is obvious
if «=0. Now suppose we have shown it for all 8 < «. Then we have by the definition
of A, that p=Ty(y/J)q for some g € B, for some B<« and some ye’Y,, J<I.
Now by the induction hypothesis, g=T*(z/K)r for some re B, ze 'Y*, and K<1I.
Take x e'Y* so that x|K=z[K and x|J~ K=y|J~ K. Then p=Ty(y/J)T*(z/K)r
=T*(y/J~K)T*(x~K)r=T*(x/J U K)r. Thus pe B(Y*). If ¥« is simple, we
obtain A* simple by taking %, simple for each « <N. (A*, Y*, T*) is rich since for
each o, (W, 41, Yy41, Te+q) is a rich extension of (A, Y,, T,). This completes the
proof of 5.6.
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LEMMA 5.7. Let (8B, X, T) and (€, Z, T) be subtriples of (U, Y, T) where U is
simple. Suppose (f, t) is an isomorphism from (B, X, T) onto (€, Z, T). Then there
is an extension (U*, Y*, T*) of (W, Y, T) such that (f, t) extends to an automorphism
(f* t%) of U, Y*, T*).

Proof. By 5.6 let (N, Y*, T) be a rich extension of (¥, Y, T) with A simple
and such that (f, t*) is an extension of (f, t) to an isomorphism from (B, Y*, T)
onto (€, Y* T) where =C(€Y*) and B=B(Y*). Let A* be the PS4, of all
subsets of / Y which have a support of power less than I and let T* be the functional
Y*-constant on A* (cf. Example 1 of §3). For p € 4 define

gp ={ye'Y: T(y/Hp = 1}.
Then by 4.6, (g, 8y) is a monomorphism from (A, Y*, T) into (4*, Y*, T*).
Now let f* be the automorphism of A* given in 1.11 which is induced by ¥, i.e.,
for M e A*, f*M={t*x : xe M}. Then it is easily seen that (f*, ¢*) is an auto-
morphism of (4*, Y*, T*). The only thing left to show is that for p € B, gfp=f*gp.
For this we have
yef*gp iff t*'yegp
iff T(* 'y/Dp =1
ifft T(y/Dfp =1
iff yegfp.
The lemma then follows by identifying 2 with its image under g.

LEMMA 5.8. Suppose for each « € M where M is any set (U, Y., T,) is a triple,
then there is a triple (N, Y, T) such that for each « € M, there is a monomorphism
(fo to) from (N,, Y,, T,) into (N, Y, T).

Proof. By 4.4 we may assume each of the triples (%,, Y,, T,) is rich. Let
Y=Juem Y, and for each « let u,: ¥ — Y, such that u,[ Y, =38y, . Then T; defined
by Ta(y/J)p=TAu.y/J)p for pe A,, ye'Y, J=I is a Y-constant on %, and
®,, Y, T,)=(NU,, Y, T,). Let A be the PSA, with base Y and let L be the set of all
functions on M such that for /e L and « € M, [, is a Boolean ultrafilter on 2.
For each « € M define f,: A, — A by (fop)={y €'Y : T'(y/I)p € I.}. Then, by
4.6, f, is a monomorphism from %, into *%. Next observe that if 7" is the functional
Y-constant on A (cf. §3, Example 1), then T defined by (T'(y/J)p),=T'(y/J)p, for
petA, ye'Y, and J=Iis a Y-constant on 9L, It is then easy to see that for each
(fes 8y,) is a monomorphism of (¥, Y,, T,) into (*A, ¥, T).

We are now ready to prove our first main theorem.

THEOREM 5.9. The class of all PA;’s has the amalgamation property. In fact,
the class of all triples has the amalgamation property. ’

Proof. The first statement follows from the second. Suppose for i=1, 2 that
(fi, ;) is a monomorphism from (2, X, T) into (B,, Y;, T;). First we assume that
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the B; are simple. By 5.8 let (g;, s;) be monomorphisms from (B,, Y;, T;) into a
triple (€, Z, T’) where € is simple. By 5.7 let (D, Z*, T*) be an extension of
(€, Z, T') which admits an automorphism (h, r) extending (g, /. f5 gz %, s1t1¢5 155 V).
Take ga=hg, and s;=rs,. Then (g,, s;) and (g3, gz) are monomorphisms which
amalgamate (f}, t,) and (f3, t2) i.e. (g1/1, 5111) =(82f2, Sata).

Now to prove the general case, let L consist of all pairs (M, N) such that M is a
maximal ideal on 8B;, N is a maximal ideal on B,, and fi Y (M)=f; *(N). For
each /€ L, let f{ be the monomorphism induced by f; from %/f,-Y(M) into B,/M
where /=(M, N). Similarly define f; from %€/f;"(N) into B,/N. Let (€', Y}, T
be a triple and, for i=1, 2, (g}, s}) a monomorphism from (B,/M, Y,, T) into
(@€, Y, T such that (gifi,sit})=(g5fs, sitt). We may assume Y'=Y" and
si=s{ forall l, I'e L, say Y'=Z, s'=s;. In more detail: Let Z=P,, Y'and s; the
function from Y; into Z defined by s,(y),=s!(y) for ye Y. Now let pr, be the
natural projection of Z onto Y'. For ze€'Z, J<I, and p e C', define Tz/J)p
=TYpr, z/J)p. Then it is easy to see that T" is a Z-constant on €'. Thus we do make
the noted assumptions. Define for i=1, 2, g; from B, into €=P,., €' by (g,p),
=gi(p/M) and (g,9),=gh(q/N) where /=(M, N), p € B,, q € B,. Then (g, s,) is a
monomorphism from (B, Y, T;) into (€, Z, T*) where (T*(y/J)p),=(T"(y/J)p)
whenever /e L, peC, ye'Z, and J<I. Further it is clear that (g,f}, s;t,)=
(g2/2, Sat3). This completes the proof.

It would have been slightly easier to prove 5.9 without considering the amalga-
mation of triples. However, we need the stronger form to prove the next theorem.

THEOREM 5.10. Suppose N and B are PA,’s with W<=B; let p € B~ A, then there
is a PA; S, and there are homomorphisms f, and f, from B into € such that f,| A

=f2lA and fip#/fap.

Proof. First assume the local degree of B is M=|/|. Let Y be a set disjoint
from I with y a one to one function from / onto Y. Let (B', Y, T) be the triple
obtained by fixing the variables Y in a minimal / U Y-dilation of Band let (%', Y, T)
be the subtriple of (B, ¥, T) with A’ =2(Y). Now let M, be the ideal of B’ generated
by T(y/I)p and M, be the ideal of B’ generated by T(y/I)(—p). Notice that
3T (y/I)p=T(y/I)p and similarly for T(p/I)(—p). Next we claim T(y/I)p¢ A’
and T(y/I)(—p) ¢ A'. Since these are similar we consider only the case T(y/I)p.
Suppose T(y/I)pe A’; then T(y/l)p=T(x/J)q for some ge A, xe'Y, and J=I
with |J| <M and x[J one to one. Let o be a transformation of /U Y such that
o[l=38,, ox|J=8;, and ¢ maps Y one to one onto I. Then we have ¢=S(3,)q
=S*(0)T(x/J)g=S*(o)T(y/1)p=S(ay)p. From this we obtain p=S((cy) )ge A
which is a contradiction. Now by a theorem of Daigneault (4.1 of [2]) there are
maximal ideals N,, N, of B’ such that N, " A’'=N, N A" and M, N, for i=1, 2.
Let N=N, N A’". Thus we may take » to the natural monomorphism from A’/N
both B/N, and B/N, by v(p/N)=p/N; for i=1,2. This gives monomorphisms
(v, 8y) from ('/N, Y, T) into (B/N,, Y, T) for i=1,2. By 6.9 let (€, Z, T*) be a
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triple such that for i=1, 2 there are monomorphisms (g;, ;) from (B/N,, Y, T)
in (€, Z, T*) with the property that (g,v, t;)=(gv, t;). Notice then ¢, =t,. For
i=1, 2 let f; be the composition of g; with the natural homomorphism from B
onto B/N;. Then clearly fi[A=f,A. Finally we have fip#fop for T*(t,y/I)f,p
=/iT(y/D)p=1.0=0 while T*(1,y/I)fop=T*(t2y/D) fop =12T(y/Dp=f31=1.

Now we claim the general case follows from the case with restricted local degree
condition. For this, let I* be a superset of I with |I|<|/*|, B* be a minimal [ *-
dilation of B, and A*<BV* the minimal I *-dilation of A contained in B. First
notice that p¢ A*; for if pe A*, then by 2.3(i), p=S*(o)g for some g€ A and
oe!*I* Take re!*I* so that r[I=38, and 7o maps I into I. Now since p € B,
I supports p; thus p=S*(r)p=_S *(r0)g=S(70[I)q. Then p € A, contradicting the
assumption that p € B~ 4. Now the theorem follows easily from the first part of
the proof and 2.8.

COROLLARY 5.11. The class of all PA,’s has the strong amalgamation property.

Proof. Suppose A, B,, B, are PA,’s and, for i=1, 2, f; is a monomorphism
from A into B;. By 5.9 let g; be a monomorphism from B; into a PA; C such that
g1f1=g2/>- Let L=rng (g,) N rng (g.)~rng (g, f1), and let A’ =g, /1(N). For each
p €L let i and A3 be homomorphisms of € into a PA; D, such that A [A'=h3[ A’
and Kyp#Hhgp. For i=1, 2 define g; a homomorphism from %B; into P,.; D, by
(giq)p="Hhrg,q. Then we have g1 /1 =g f5; the only problem is that g; and gz may not
be monomorphisms. To overcome this difficulty, let g/ be a homomorphism from
B; into € x P,.;, D, defined by g/g=(gyq, giq) for i=1, 2. Then gi, g are mono-
morphisms, g; f; =g f5, and rng (g7) N rng (g3) coincides with rng (g7 f1).

It follows immediately from 5.9 that the class of simple PA,’s (and hence the
class of PSA,’s) has the amalgamation property. The corresponding question for
the strong amalgamation property remains open, though we conjecture that the
answer is negative there.

Turning now to the case of equality algebras we have

THEOREM 5.12. The class of PEA,’s has the strong amalgamation property.

The proof of 5.12 follows exactly along the lines of the same result for locally
finite algebras which can be found in §3 of [2]. The only things to bear in mind are
that the theorem must be proven first for algebras of local degree I < |I| and then
generalized via the dilation and compression theorems of §3, and that a stronger
prenex normal form theorem than the one used by Daigneault is required. This
last is given now.

THEOREM 5.13 (PRENEX NORMAL FORM THEOREM). Suppose % is a PA; (with local
degree M <|I|) and M is a subset of A closed under the Boolean operations and
under S(7) for each = €'I. Then every element of the subalgebra B of U generated
by M can be written in the form Qo(Jy): - - Qn_1(Jn_1)p where n € w, p € M, and for
each i<n, Q, is either 3 or ¥ and J,< I.
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Proof. Let C be the set of all elements which can be written in that form.
Obviously M < C< B so we need to show that C is closed under the operations of 4.
It is clear that Cis closed under 3 (J) and —. To see C'is closed under S(7), suppose
reland Qu(Jy): -+ Qn-1(Jo-1)p € C with pe M. Let K be a support of p with
|K| <M. We may assume Jy, . ..,J,_1SK since Qo(Jo N K) - Qn_1(Ju_1 N K)p
=Q0(Jo) - Qn_1(Ju_)p. Let J=JyU---UJ,_; and take oe€’l such that
olK~J=7|K~J, o|J is one to one, and o(J) N o(I~J)=0. Then applying (P6)
(and an obvious induction) we have

S(T)QO(JO) n Qn—l(Jn—l)p = S(U)QO(JO) o Qn—l(Jn—l)p
= Qo(0Jo)" * - On-1(0J,-1)S(0)p.

Hence C is closed under S(r).

To see C is closed under +, suppose p,qge M, Jo, ..., J0_1,Jny ..., Jm-1<Tand
each of Q, ..., Qn_, is either 3 or V. Let K be a support of both p and g with
|K| <9 and assume as above that J,U ---UJ,_; =K. Let ¢ and = be permu-
tations of 7 such that

oK~ (JoU- - UJy_ 1) = 8gogou- vty
TIK~ (U - UJp 1) = 8o ol

and such that K, o(Jo U - -- U J, ), and 7(J, U - - - U J,,_,) are pairwise disjoint.
Then an easy calculation gives

QO(JO)' o Qn—l(Jn—l)p+ Qn("n) o Qm-l(-]m—l)p
= Qo(0Jo)" * + On-1(0J5-1) Qu(J) - - O - 1(7J -1 )(S(0) p+ S(7)q).

Thus C is closed under the operations of % so €=8B.
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